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04 , Abstract. We consider transient random walks in random environment on Z in the positive speed 

5-H ' (ballistic) and critical zero speed regimes. A classical result of Kesten, Kozlov and Spitzer proves 

^ '■ that the hitting time of level n, after proper centering and normalization, converges to a completely 



< 
00 



o 
o 



X 



asymmetric stable distribution, but does not describe its scale parameter. Following 7;, where the 
(non-critical) zero speed case was dealt with, we give a new proof of this result in the subdifFusive case 
that provides a complete description of the limit law. Like in [7], the case of Dirichlet environment 
turns out to be remarkably explicit. 



c3 ! 1. Introduction 



Random walks in a one- dimensional random environment were first introduced in 
the late sixties as a toy model for DNA replication. The recent development of 
>• ' micromanipulation technics such as DNA unzipping has raised a renewed interest in 
this model in genetics and biophysics, cf. for instance ^ where it is involved in a 
^ ', DNA sequencing procedure. Its mathematical study was initiated by Solomon's 1975 
article [T^], characterizing the transient and recurrent regimes and proving a strong 
^ ■ law of large numbers. A salient feature emerging from this work was the existence 
of an intermediary regime where the walk is transient with a zero asymptotic speed, 
in contrast with the case of simple random walks. Shortly afterward, Kesten, Kozlov 
and Spitzer [13] precised this result in giving limit laws in the transient regime. When 
suitably normalized, the (properly centered) hitting time of site n by the random walk 
was proved to converge toward a stable law as n tends to infinity, which implies a limit 
', law for the random walk itself. In particular, this entailed that the ballistic case (i.e. 
with positive speed) further decomposes into a diffusive and a subdiffusive regimes. 

The aim of this article is to fully characterize the limit law in the subdiffusive (non- 
Gaussian) regime. Our approach is based on the one used in the similar study of the 
zero speed regime [7j by three of the authors. The proof of [T^ relied on the use of 
an embedded branching process in random environment (with immigration), which 
gives little insight into the localization of the random walk and no explicit parameters 
for the limit. Rather following Sinai's study [18] of the recurrent case and physicists' 
heuristics developed since then (cf. for instance [2]), we proceed to an analysis of the 
potential associated to the environment as a way to locate the "deep valleys" that 
are likely to slow down the walk the most. We thus prove that the fluctuations of the 
hitting time of n with respect to its expectation mainly come from the time spent at 
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crossing a very small number of deep potential wells. Since these are well apart, this 
translates the situation to the study of an almost-i.i.d. sequence of exit times out of 
"deep valleys" . The distribution of these exit times involves the expectation of some 
functional of a meander associated to the potential, which was shown in [B] to relate 
to Kesten's renewal series, making it possible to get explicit constants in the limit. 
The case of Beta distributions turns out to be fully explicit as a consequence of a 
result by Chamayou and Letac [3J. The proof also covers the non-ballistic regime, 
including the critical zero-speed case, which was not covered in [7]. 

Let us mention two other works relative to this setting. Mayer- Wolf, Roitershtein 
and Zeitouni [1^ generalized the limit laws of [13] from i.i.d. to Markovian environ- 
ment, still keeping with the branching process viewpoint. And Peterson [15j (fol- 
lowing [IS]), in the classical i.i.d. setting and using potential technics, proved that 
no quenched limit law (i.e. inside a fixed generic environment) exists in the ballistic 
sub diffusive regime. 

The paper is organized as follows. Section |2] states the results. The notions of 
excursions and deep valleys are introduced in Section [31 which will enable us to give 
in Subsection 13.31 the sketch and organization of the proof that occupies the rest of 
the paper. 

2. Notations and main results 

Let u := [ui, z G Z) be a family of i.i.d. random variables taking values in (0, 1) 
defined on Q, which stands for the random environment. Denote by P the distribution 
of u and by E the corresponding expectation. Conditioning on u (i.e. choosing an 
environment), we define the random walk in random environment X := (X„, n > 
0) starting from x G Z as a nearest-neighbour random walk on Z with transition 
probabilities given by u: if we denote by P^^uj the law of the Markov chain (X„, n > 0) 
defined by Px^uj {Xq = x) = 1 and 

{Uy, a z = y + 1, 

l-Uy, if z = y-l, 
0, otherwise, 

then the joint law of {uj,X) is F^idu, dX) := ,^( dX)P( dw). For convenience, we 
let P := Pq. We refer to [20] for an overview of results on random walks in random 
environment. An important role is played by the sequence of variables 

(2.1) := I G Z. 

We will make the following assumptions in the rest of this paper. 
Assumptions. 

(a) there exists < k <2 for which E [pg] = 1 and E [pg log"*" po] < oo,- 
(6) the distribution of log po is non-lattice. 

We now introduce the hitting time t{x) of site x for the random walk (X„, n > 0), 
r(x) := inf{n > 1 : X„ = x}, x G Z. 
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For a G (1,2), let iS^" be the completely asymmetric stable zero mean random 
variable of index a with characteristic function 

(2.2) E[e**'5S"] = exp((-it)") = exp cos ^ (l - z sgn(t) tan , 

where we use the principal value of the logarithm to define (— it)"(= 6"^°^*^"**-') for 
real t, and sgn(t) := l(o,+oo)(i) — l(-oo,o)('^)- Note that cos ^ < 0. 

For a = 1, let S'^ be the completely asymmetric stable random variable of index 1 
with characteristic function 

(2.3) E[e^*'^i"] =exp(--|t| - it\og\t\) = exp ( - -|t|(l + i- sgn(t) log |t|)). 

2 2 vr 

Moreover, let us introduce the constant Ck describing the tail of Kesten's renewal 
series R := Efc>oPo- ■ - Pfc, see |I2]: 

P{R > x) ~ Ckx'", X ^ oo. 

Note that several probabilistic representations are available to compute Ck numeri- 
cally, which are equally efficient. The first one was obtained by Goldie [9j, a second 
was conjectured by Siegmund [T^, and a third one was obtained in [6]. 

The main result of the paper can be stated as follows. The symbol "^i^^" denotes 
the convergence in distribution. 

Theorem 1. Under assumptions (a) and (b) we have, under F, when n goes to 
infinity, 

• zfl<K<2, letting v := \Iem , 

(2.4) IM^^ 2 L^ClElp'„k,S'sT 

n^i'^ \ sm(7rK) / 



Xn — nV (law) ^ f TTK ^2 



2 \ 1/k 



and 

n^/" \ sm(7rK) / 

• if K, = 1, for some deterministic sequences {un)n, {vn)n converging to 1, 

rin) — Un-FT, — r ^'n\ogn 2 

n E[pologpo] ^ 

and 

Y -E[pologpo] n „r , 1 

/O 7^ ^n-Vn ^ (law) E[pQ log ppj 

^ 771 \2 ^ o '-'i ■ 

r;,/(lognj^ 2 

In particular, for k = 1, the following limits in probability hold: 

(2.8) f , and ^ ^jp^log po] _ 

nlogn E[pologpQ\ n/logn 2 

Remarks. 

• The proof of the theorem will actually give an expression for the sequence (u„)„. 

• The case < k < 1, already settled in [7], also follows from (a subset of) the 
proof. 



4 



N. ENRIQUEZ, C. SABOT, L. TOURNIER, AND O. ZINDY 



This theorem takes a remarkably exphcit form in the case of Dirichlet environment, 
i.e. when the law of Uq is Beta(a, (3) := ~2;)^^^l(o,i)(a;) dx, with a, (3 > 

and B{a,l3) := x'^^^{l — x)^~^ dx = ^^j^^- ^^^y computation leads to k = 
a — f3. Thanks to a very nice result of Chamayou and Letac [3] giving the explicit 
value of Ck in this case, we obtain the following corollary. 

Corollary 1. In the case where Uq has a distribution Beta(a;, (3), with 1 < a — P < 2, 
Theorem [I] applies with k = a — p. Then we have, when n goes to infinity, if 1 < 
a- (3 <2, 



1 

Q-/3 



->ca 



1 



V sin(7r(a - /?)) i 

and 

a-/3-l 

a+/3-l 

^ "V sin(7r(a - 5(«,/3)2 ^ W^-^J 

^ ._ nr^a-rv/'^^ - 

r(^) 



where \1' denotes the classical digamma function, "^{z) := (logr)'(2;) = ^TT. Further- 



more, if a — (3 = 1, then we have 

B{(3,I3) 



^ bo log Po] 



2/3 



In the following, the constant C stands for a positive constant large enough, whose 
value can change from line to line. We henceforth assume that hypotheses (a) and (6) 
hold; in particular, wherever no further restriction is mentioned, we have < k < 2. 



3. Notion of valley - Proof sketch 



Following Sinai [IH] (in the recurrent case), and more recently the study of the case 
< K < 1 in [7j, we define notions of potential and valleys that enable to visualize 
where the random walk spends most of its time. 

3.1. The potential. The potential, denoted by V" = (V^(x), x G Z), is a function of 
the environment u defined by V^(0) = and px = for every a; G Z, i.e. 

{Epilog A ifx>l, 
if X = 0, 

-EL+ilogPi ifa;<-l, 

where the p^'s are defined in (12.11) . Under hypothesis (a), Jensen's inequality gives 
i^pogpg] < log_E[pQ] = 0, and hypothesis (b) excludes the equality case po = 1 a.s., 
hence i?[logpo] < and thus V{x) — )■ =Foo a.s. when x — )■ ±oo. 

Furthermore, we consider the weak descending ladder epochs of the potential, de- 
fined by Co := and 

(3.1) Ci+i := inf{fc > d : V{k) < V{ei)}, i > 0. 

Observe that (e^ — ei_i)j>i is a family of i.i.d. random variables. Moreover, hypothesis 
(a) of Theorem [1] implies that ci is exponentially integrable. Indeed, for all n > 0, 
for any A > 0, P(ei > n) < P{V{n) > 0) = P(e^^(") > 1) < ^[e^^^"^] = ^[Pq]"' and 
E[pq] < 1 for any < A < k by convexity of s i— )■ E[pq]. 
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It will be convenient to extend the sequence (ej)j>o to negative indices by letting 

(3.2) ei_i := sup{A; < : V/ < /c, V{1) > V{k)}, i < 0. 

The structure of the sequence (ei)igz will be better understood after Lemma [31 

Observe that the intervals (cj, Cj+i], z G Z, stand for the excursions of the potential 
above its past minimum, provided V{x) > when a; < 0. Let us introduce Hi, the 
height of the excursion (ej,ej+i], defined by 

Hi := max {V{k) - V{ei)) , i e Z. 

Note that the random variables (ifj)j>o are i.i.d. For notational convenience, we will 
write H := Hq. 

In order to quantify what "high excursions" are, we need a key result of Iglehart 
[TT] which gives the tail probability of H, namely 

(3.3) P{H > h) ^ Cie^''^, h^oo, 
where 

^ (1-E[e^nei)])2 
^' kE[p^ log po]E[eiy 

This result comes from the following classical consequence of renewal theory (see [8]): 
if S := supf,^QV{k), then 

(3.4) P{S >h)^CF e-'^^ h-^oo, 
where Cp satisfies C/ = (1 - E[e''^(^i)])C^. 

3.2. The deep valleys. The notion of deep valley is relative to the space scale. Let 
n > 2. To define the corresponding deep valleys, we extract from the excursions of 
the potential above its minimum these whose heights are greater than a critical height 
hn, defined by 

hn '■= — logn — log logTT,. 

K 

Moreover, let g„ denote the probability that the height of such an excursion is larger 
than hn- Due to (13. 3p . it satisfies 

Qn := P{H > hn) ~ C/e""''", n ^ oo. 

Then, let (cr(z))j>i be the sequence of the indices of the successive excursions whose 
heights are greater than /i„. More precisely, 

ail) := inf{j > : H, > K], 

a{i + 1) := inf{j > a{i) : Hj > hn}, i > 1. 

We consider now some random variables depending only on the environment, which 
define the deep valleys. 

Definition 1. Fori > 1, let us introduce 

O-i '■= Ga{i)-D„i '■— ^a{i)i di '■= eo-(i)+l, 

where 

"1 + 7 



(3.5) Dn 



Ak 



logn 
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with arbitrary 7 > 0, and A equals E[—V{ei)] if this expectation is finite and is 
otherwise an arbitrary positive real number. For every i > 1, the piece of environment 
{^x)ai<x<di is called the i-th deep valley (with bottom at hi). 

Note that the definitions of and rfj differ shghtly from those in [7j. We shall 
denote by Kn the number of such deep valleys before e„, i.e. 

Kn:=i^{0<i<n-l:Hi> hn}. 

Remark. In wider generality, our proof adapts easily if we choose hn, Dn such that 
j^Q-Kh„ _^ +c>o, Dn > Chn for a large C, and ne~^'^^"D,„ — t- 0. These conditions 
ensure respectively that the first n deep valleys include the most significant ones, that 
they are wide enough (to the left) so as to make negligible the time spent on their left 
after the walk has reached their bottom, and that they are disjoint. A typical range for 
hn is 2^ log n + (1 + a) log log n < hn < \ log n — e log log n, where a, e > . 

3.3. Proof sketch. The idea directing our proof of Theorem [1] is that the time r(e„) 
splits into (a) the time spent at crossing the numerous "small" excursions, which will 
give the first order nv~^ (or n\ogn if k = 1) and whose fiuctuations are negligible on a 
scale of n^/", and {b) the time spent inside deep valleys, which is on the order of ra^/'^, 
as well as its fiuctuations, and will therefore provide the limit law after normalization. 
Moreover, with overwhelming probability, the deep valleys are disjoint and the times 
spent at crossing them may therefore be treated as independent random variables. 

The proof divides into three parts: reducing the time spent in the deep valleys 
to an i.i.d. setting (Section |5]); neglecting the fiuctuations of the time spent in the 
shallow valleys (Section |6]); and evaluating the tail probability of the time spent in 
one valley (Section [7]). These elements shall indeed enable us to apply a classical 
theorem relative to i.i.d. heavy-tailed random variables (Section [S]). Before that, a 
few preliminaries are necessary. 

4. Preliminaries 

This section divides into three independent parts. The first part recalls usual for- 
mulas about random walks in a one-dimensional potential. The second one adapts 
the main results from [6j in the present context. Finally the last part is devoted to 
the effect of conditioning the potential on Z_ (bearing in mind that this half of the 
environment has little influence on the random walk), which is a technical tool to 
provide stationarity for several sequences. 

In the following, for any event A on the environments such that P{A) > 0, we use 
the notations 

P^:=P{-\A) and := P( ■ | A) = x P^(rfw). 

In addition, the speciflc notations 

P>o := p( . I VA; < 0, V{k) > 0) and P-° := x P^^{duj) 
will prove themselves convenient. 

4.1. Quenched formulas. We recall here a few Markov chain formulas that are of 
repeated use throughout the paper. 
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Quenched exit probabilities. For any a < x < b, (see [20], formula (2.1.4)) 

(4.1) P.Arib) < r(a)) = i^'^-'^'^y^.y 
In particular, 

(4.2) P.Ar{a) = oo) = ^^^^ 
and 



(4.3) Pa+iAr{a) = oo) = ( ^ 



gV{fc)-y(a) 



k>a 



Thus Po,w(t(1) = oo) = {J2k<o^^^'^'') ^ ~ P-a.s. because V{k) +oo a.s. when 
k — 7- — oo, and -Pi,tj(r(0) = oo) = (^fc>o s^*-'^-') ^ > 0, P-a.s. by the root test (using 
P[logpo] < 0). This means that X is transient to +oo P-a.s. 
Quenched expectation. For any a < b, P-a.s., (cf. [20]) 

EaArm= $^(l + e^»-^(^-^))e^(^-)-^« 

a<j<b i<j 
a<j<b i<j 

where aij = 2 if i < j, and ajj = 1. Thus, we have 

(4.5) i?a,.[r(&)] <2 J2 ^''^'^"''^'^ 

a<j<b i<j 

and in particular 

(4.6) P«,^[r(a + 1)] = 1 + 2 e^^'^)-^^ < 2 e^('')-^». 

i<a i<a 

Quenched variance. For any a < b, P-a.s., (cf. [T] or [TU] ) 

(4.7) Far,,^(r(6)) = 4 ^ e^('=)-^(^)(l + e^(^-^)-^(^)) J] e^^^^^wV 

a<k<b j<k ^ i<j ^ 

= 4 ^ ^(e^(^')+^(^') -|-e^(^)+^(^'+^))('Ee-^(')y. 

a<k<b j<k ^ i<j ^ 

Thus, we have 

a<k<b j<k ^ «<j ^ 

(4.8) < 16 E E e^('')+^(^)-^(')-^(''). 

a<fc<6«'<«<j<fc 
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4.2. Renewal estimates. In this section we recall and adapt results from [6], which 
are very useful to bound finely the expectations of exponential functionals of the 
potential. 

Let -R_ := ^fc<o s"^^'^''. Then Lemma 3.2 from [6] proves that 

(4.9) < oo 

and that more generally all the moments of i?_ are finite under P-°. 
Let us define 

Th ■■= mm{x > : V{x) = H}, 

and 

Ml := J2 e^''^'^ ^2 := Yl 

k<TH 0<k<ei 

Let Z := MiM2e^ . Theorem 2.2 (together with Remark 7.1) of [6J proves that 
P^%Z >t,H = S)r^ Cut-'' as t ^ oo, where 

(4.10) Cu = Cj(^^^ =^E[p^,logpo]E[e,]{CK?. 

The next lemma shows that the condition {H = S} can be dropped. 
Lemma 1. We have 

P>o^Z>t)^^, t^oo. 

Proof. All moments of M1M2 are finite under P-". Indeed, M2 < ei. Mi < ei + 
Ylk<o^~^^'''' random variables ei and Ylk<o^~^^'''' have all moments finite 

under (cf. after (El]) and gll)). For any it > 0, 

P>-\Z >t,H<it)< P>-\M,M2 > te-'^) < 

Since k < 2, we may choose it such that £t — )■ 00 and = o(t^e~^^*) as t — t- 00, 
hence P-^{Z > t,H < it) = o{t~'^). On the other hand, Z is independent of S' = 
sup2.>ei V{x) — V^(ei), hence 

P^%Z >t,H > it,S > H) < P^\Z >t,H> it)P-%S' > it), 

so that, as t — )■ 00, 

P-\Z >t,H>it)^ P-\Z >t,H > it,H = S). 

Thus we finally have 

P^%Z >t)= P^%Z >t,H>it) + P^\Z >t,H <it) = Cut"" + air"). □ 

We will actually need moments involving 

M[ := J2 e"""^"^ 

fc<ei 

instead of Mi (< M[). The next result is an adaptation of Lemma 4.1 from [6] (together 
with (13. 3p ) to the present situation, with a novelty coming from the difference between 
M[ and Mi. 
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Lemma 2. For any a, /3, 7 > 0, there is a constant C such that, for large h > 0, 

( C if-f<K, 

(4.11) E^°[(M0"(M2)V^|if < /i] < <^ Ch if-f = n, 
and, if -y < K, 

(4.12) E^°[(M0"(M2)V-^|i/ >h]< Ce^^. 

Proof Let M := (M{)"(M2)^. Note first that M[ < + d and M2 < ei, so that 
all moments of M[ and M2 are finite under P-^ (cf. (14. 9 p and after (13. ip ). Holder 
inequality then gives E-^[M] < 00 for any k and, since e^ has moments up to order 
K (excluded) by ([S3]), that E^°[(M()"(M2)^e^^] < 00 for 7 < k, which proves the 
very first bound. 

Let us now prove in the other cases that we may insert the condition {S = H} in 
the expectations. Let £ = £{h) := ^logh. We have 

(4.13) E^°[Me^^l{H<M] < E^'[M]h + E^'[Me^''l^H<h,H>i}] 

Since M and H are independent of 5" = sup2,>g^ V{x) — V{ei), and {S > H > £} C 
{S' > i}, 

E^'[Me^''l{H<h,H>i}l{s>H}] < ^^°[Me^^l|^,<,}]P(S' > £). 

Then P{S' >£)—)■ when h — > 00, hence (I4.13P becomes 

E^^[Me'^^l{H<h}]il + o{l)) < E^'[M]h + E^^[Me^''l{H<h}l{H=s}]. 

Given that P(H = S) > 0, and h < e^'^^")'' for large h when 7 > k, it thus suffices to 
prove the last two bounds of fHTT]) with E^°[Me'^-^|if < h,H = S] as the left-hand 
side. As for (I4.12p . the introduction of i is useless to prove similarly (skipping (I4.13P ) 
that we may condition by {H = S}. 

For any r > 0, by Lemma 4.1 of [6], 

(4.14) E^'^liM^yilHl^H = S]<Cr. 

On the other hand, M[ = ^^i+X]Tii<fc<ei e"^*-'^-*. Let r > 0. We have, by Lemma 4.1 
of [6], E-^[{MiY\\_H \, H = S] < Cr- As for the other term, it results from Lemma 
3.4 of [6] that (-f^, X]TH<fc<ei ^~^^^'') same distribution under P-°(-|iJ = 5*) as 
~<fc<o^ ) where — sup{fc < 0|l^(fc) > H}, and we claim that there is 
> such that, for all N eN, 



(4.15) E 



T-<fc<0 



< C'e 



Before we prove this inequality, let us use it to conclude that 

E^''[{M[y\[H\,H = S] < r{E^^[{M,y\[H\,H = S]+e-'''^"^Ce''^^^^-^^^) 
(4.16) < C. 

For readibility reasons, we write the proof of (I4.15P when r = 2, the case of higher 
integer values being exactly similar and implying the general case (if < r < s. 
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E[X''] < E[X'Yl' for any positive X). We have 



(4.17) E 



E 



2 



< e"+ie'"+^E[z/([n,n+ l))i^([m,m + l))] 



Q<m,n<N 



where v{A) = < : V{k) E A} for all A C R. For any n E N, Markov 

property at time T = sup{A; < : V{k) E [n,n + 1)} implies that -E'[z/([?2, n + 1))^] < 
1, 1))^]. This latter expectation is finite because V^(l) has a negative mean 
and is exponentially integrable; more precisely, 1, 1)) is exponentially integrable 
as well: for A > 0, for all k > 0, P{V{-k) < 1) < e^E[e^^^^^]'' = e^E[p^]'' hence, 
choosing A > small enough so that E[p^] < 1 (cf. assumption (a)), we have, for all 
p>0, 

P(z/([-l, 1)) >p)< P{3k > p s.t. V{-k) < 1) 

< < 1) ^ ^'(1 - E[p'])-'E[p'r. 

k>p 

Thus, using Cauchy-Schwarz inequality (or ab < |(a^ + 6^)) to bound the expectations 
uniformly, the right-hand side of (14 .17^ is less than Ce^^ for some constant C. This 
proves (I4.15p . 

Finally, assembling (14. 14p and (I4.16P leads to 

E^'^[M\[H\,H = S] < E^'^[{M[f''\[H\,H = SY^^E^'^[{M2y^\[H\,H = S]'^^ < C 

hence, conditioning by [H\ , 

E^°[Me^^l{H<Ml^ = ^] < C'Ele^'^W+i)^^^^^^^^ < C"E[e^^l{H<.+i}], 

and similarly 

E^O[Me^^l{H>Ml^ = S]< C"E[e^^l|H>h-i}]. 
The conclusion of the lemma is then a simple consequence of the tail estimate (13.31) 
and the usual formulas 

/"OO 

E[e^"l{H>h}] = e^^P{H > h) + 7e^"P(i/ > u) dw 

Jh 

and 

E[e<^l{H<h}\ = 1 - e^^P(if >h)+ -fe'"'P{H > u) du. □ 

Jo 

4.3. Environment on the left of 0. By definition, the distribution of the environ- 
ment is translation invariant. However, the distribution of the "environment seen from 
Cfc", i.e. of ( 

ix'e^+p)pgZ) depends on k. When suitably conditioning the environment on 
Z_, these problems vanish. 

Recall we defined both Cj for i > and i < 0, cf. (13. 2p . 

Lemma 3. Under P-^, the sequence (cj+i — ei)i^i is i.i.d., and more precisely the 
sequence of the excursions {V^Ci + I) — V{ei))o<i<ei+i-ei, i E Z, is i.i.d.. 
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Proof. Let us denote C — {VZ < 0, V{1) > 0}. Let ^ be positive measurable 
functions respectively defined on finite paths indexed by {0, . . . ,k} for any k and on 
infinite paths indexed by Z_). We have 

£;^°[*((y(e_i + - y(e_i))Ko)$((y(e_i + I) - l/(e_i))o<K-e_ J] 



= E[^{{V{k + l) - V{k))i<o)mV{k + l) - V{k))o<i<-k)lA,]P{C)-\ 

k=-~oo 

where Ak := {e_i = A;} n £ = {V/ < A;, > V{k),V{k) > V{0),yk < I < 0,V{1) > 
V{k)}. Using the fact that {V{k + I) — V{k))i^z has same distribution as {V{l))i^i, 
this becomes 



(vi<o,y(0>o) 0<l<-k)^{V{-k)<oyo<l<-k,V(l)>0)]P{^) ■ 

k=—oo 

Finally, the independence between {V{l))i<o and {V{l))i>o shows that the previous 
expression equals 



-E'-°[^((y(/))Ko)]-E[$((V^(/))o</<-A;)l(y(o)>y(-A;),vo<i<-ik,y(0>v^(o))] 

fe=— oo 

= E^°[x^((V(/))K0)]i?[«f((V^(/))0<KeJ], 

hence 

E^°[^((V^(e_i + /) - y(e_i))Ko)$((y(e_i + /) - V^(e_i))o<K-e_ J] 

= E^°[M/((\/(0)Ko)]i?[$((nO)o<KeJ]. 

By induction we deduce that, under P-°, the excursions to the left are independent 
and distributed hke the first excursion to the right. In addition, {V{l))i>o and {V{l))i<o 
are independent and, due to Markov property, the excursions to the right are i.i.d.. 
This concludes the proof: all the excursions, to the left or to the right, are independent 
and have same distribution under P-^. □ 

5. Independence of the deep valleys 

The independence between deep valleys goes through imposing these valleys to be 
disjoint (i.e. Oj > for all i) and neglecting the time spent on the left of a valley 
while it is being crossed (i.e. the time spent on the left of Oj before Oj+i is reached). 

NB. All the results and proofs from this section hold for any parameter k, > 0. 

For any integers x,y,z, let us define the time 

T(^\x,y) := #{r(a;) < A; < r(y) : < z} 

spent on the left of z between the first visit to x and the first visit to y coming next, 
and the total time 

r(-) := #{A: > r{z) : < z} 
spent on the left of z after the first visit of z. Of course, r^^^x, y) < r^^^ H z < x. 
We consider the event 

K„-l 

NO{n) := {0 < ai} n p| {di < Oi+i}, 

1=1 
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which means that the large valleys before e„ lie entirely on Z+ and don't overlap. 

The following two propositions will enable us to reduce to i.i.d. deep valleys. 
Proposition 1. We have 

P{NO{n)) — > 1. 

n 

Proof of Proposition Ql Choose e > and define the event 

AK{n) := {Kn < {l + e)Ci{\ognr}. 

Since Kn is a binomial random variable of mean ng„ ~„ Cj{\ogn)'^, it follows from 
the law of large numbers that P{AK{n)) converges to 1 as n — )■ oo. On the other 
hand, if the event NO{nY occurs, then there exists 1 < i < such that there is 
at least one high excursion among the first Dn excursions to the right of (with 
do = 0). Thus, 

P{NO{nr) < P{AK{nr) + (1 + e)Ci{\ognY{l - (1 - g^^") 

< o(l) + (1 + e)Ci{\ognYqA = o(l) 

Indeed, for any < x < 1 and a > 0, we have 1 — (1 — x)" < ax by concavity of 
x^l-(l-x)". □ 

For a; > 0, define 

(5.1) a{x) := max{eA; : /c G Z, Ck+D-a < x}. 
In particular, a(6j) = for alH > 1, and a(0) = e_£)^. 
Proposition 2. Under P, 

-. Kn ^ n-1 

i=l k=0 

Proof. The equality is trivial from the definitions. The second expression has the 
advantage that, under P-°, all the terms have same distribution because of Lemma |3l 
To overcome the fact that t^"'^^^\0, ei)l{H>h„} is not integrable for < k < 1, we 
introduce the event 

An := {for « = 1, . . . , Kn, < V{a,) - V{bi)} 

n-1 

= f]{Hk< hn} U {hn <Hk< V{ek-Dj - V{ek)}. 

k=0 

Let us prove that P-°((A„)'^) = o„(l). By Lemma 

P-MAnT) < nP^\H >hn, H> Vie^oJ). 
Choose < 7' < 7" < 7 (cf. and define /„ = logn. We get 

(5.2) P^^iAnY) < n{P{H > In) + P{H > hn)P^\V{e^Dn) < In))- 

Equation (EJl) gives P{H > Q ~„ Cie'''^" = and P{H > hn) ~„ 

C/r;,~^(logn)''. Under P-°, V{e-£)„) is the sum of Dn i.i.d. random variables dis- 
tributed like — l^(ei). Therefore, for any A > 0, 

P-\V{e.Dj < In) < e^'"E[e'^(-^(^^»]^". 
Since \ \ogE[e-^^-^^^^^^] -E[-V{ei)] e [-00, 0) as A ^ 0+, we can choose A > 
such that logi?[e~^*^^^*^^^-"] < —\A ^^^ (where A was defined after (13. 5p ). hence 



STABLE FLUCTUATIONS FOR BALLISTIC RWRE 



n 



-A 



1 + 7 



. Thus, P^\V{e.D^) < In) < n 
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Using these 



estimates in (15.21) concludes the proof that P-°((74„)'^) = o„(l). 

Let us now prove the Proposition itself. By Markov inequality, for all 5 > 0, 



P 



>o 



A;=0 



E 



>o 



ra-l 

E 

,fc=0 



(«{efc))l 



(5.3) 



Note that we have EJ\t'^'^-°^^{^^ ei)] = i^^tj[iV]i?(^[Ti], where is the number of cross- 
ings from C-D^ + 1 to e_£i„ before the first visit at ei, and T\ is the time for the random 
walk to go from e_£i„ to e_£i„ + 1 (for the first time, for instance); furthermore, these 
two terms are independent under P-°. Using (14. ip . we have 

i'o,c.(r(e_Dj < r(ei)) 



Pe_o„+iUr{ei) < r{e.nj) ^^^^^^ 

hence, on the event {H < V{e^D„)}, E^[N] < M2. 

The length of an excursion to the left of e^D^ is computed as follows, due to (14. 6p : 



E, 



[r(e_^„ + 1)] < 2 e"^""^' 



)-V{e^nJ) 



x<e- 



The law of (V (x) — V {e^D^J)x<e_n under P-° is P-° because of LemmaO Therefore, 



E^'[E^[T^]]<2E 



>o 



x<0 



-V{x) 



2E-"[R_] < 00 



with (14. 9p . We conclude that the right-hand side of ( 15. 3p is less than 



On(l) + ^2E^'^[P_]P[M2l{H>h„}]. 

Since Lemma Ogives E[M2l{H>h„}] < CP{H > K) ~n C'e"'^'^" = C"n-i(logn)'', this 
whole expression converges to 0, which concludes. 



□ 



6. Fluctuation of interarrival times 

For any x < y, we define the inter-arrival time r(x, y) between sites x and y by 
t{x, y) := inf {ra > : = y}, x, ?/ G Z. 

Let 

Kn n—l 

TiA ■= ^r(rfi,6i+i A e„) = ^r^Ck, ek+i)l{Hk<h„} 



i=0 k=0 

(with do = 0) be the time spent at crossing small excursions before T(e„). The aim 
of this section is the following bound on the fluctuations of tja. 

Proposition 3. For any 1 < k, < 2, under P-°, 



(6.1) 



n 
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Remark. This limit also holds for < k < 1 in a simple way: we have, in this case, 
using Lemma\^ 

E^°[riA] = nE^''[E^[r{ei)]l{H<h„}\ < n^[2M(M2e^l{H<h„}] 

hence u'^/'^tix and its expectation separately converge to in probability. 

By Chebychev inequality, this Proposition will come as a direct consequence of 
Lemma bounding the variance of tja- However, a specific caution is necessary in 
the case k = 1; indeed, the variance is infinite in this case, because of the rare but 
significant fluctuations originating from the time spent by the walk when it backtracks 
into deep valleys. Our proof in this case consists in proving first that we may neglect 
in probability (using a first-moment method) the time spent backtracking into deep 
valleys; and then that this brings us to the problem of the computation of the variance 
of TiA in an environment where small excursions have been substituted for the high 
ones (thus removing the non-integrability problem). 

Subsection 16.11 is dedicated to this reduction to an integrable setting, which is only 
involved in the 1 of Proposition [3] and of the main theorem (but holds in 

greater generality), while Subsection 16. 2l states and proves the bounds on the variance, 
both for the initial (for k > 1) and the modified environment, implying Proposition [31 

6.1. Reduction to small excursions (required for the case k = 1). Let h > 0. 

Let us denote by the right end of the first excursion on the left of that is higher 
than h: 

d_ := maxjcfc : < 0, > h}. 
Remember r('^-''(0, ei) is the time spent on the left of d^ before the walk reaches Ci. 

Lemma 4. There exists C > 0, independent of h, such that 

( e-(2«-i)'^ ifKKl 

(6.2) E^°[r('^-)(0,ei)l|^,<,|] <C<^ /le"'^ if k = I 

Proof. Let us decompose T^^~\0,ei) into the successive excursions to the left of d-: 

N 
m=l 

where is the number of crossings from d- + l to d^ before r(ei), and Tm is the time 
for the walk to go from d- to d^ + l on the m-th time. Under P^^, the times T^, m > 1, 
are i.i.d. and independent of (i.e., more properly, the sequence (Tm)i<m<N can be 
prolonged to an infinite sequence with these properties). We have, using Markov 
property and then fl4.ip . 

J P._.i.(r(eO < r(rf_)) ^^^J 

and, from (14. 6p . 

E4T^] = E,_,4r{d. + 1)]<2J2 e-(^(^)-^('^-)). 

x<d— 
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Therefore, by Wald identity and Lemma [3l 

E^°[r('^-)(0,ei)l{H<h}] = E^'[E^[N]E^[T^]l{H<h}] 



(6.3) 



< 2E 



0<x<ei 



^>0[g-y(d-)j^A(/i) 



>- x<0 



-Vix) 



where A{h) := {V/c < 0, V{k) > 0}r\{H_i > h}. The first expectation can be written 
as E[M2e^l{H<h}]- For the second one, note that d- = e-w, where is a geometric 
random variable of parameter q := P{H > h); and, conditional on {W = n}, the 
distribution of (y{k))e_^-<k<o under P-° is the same as that of (y{k))e_„<k<o under 
p>0(.|for A; = 0, . . . , n - 1, H^k < h). Therefore, 

^ J ^ ^ ' J J l-il-q)E[eyi-^)\H <hy 

and (1 - q)E[e^^^^^\H < h] converges to E[e^(^i)] < 1 when h — i- oo (the inequality 
comes from assumption (6)), hence this quantity is uniformly bounded from above by 
c < 1 for large h. In addition, (13 .Sp gives q ~ Cie~'^^ when h ^ oo, hence 

where C is independent of h. Finally, let us consider the last term of (I6.3p . We have 



-V(x) 



x<0 



E 



-V{x) 



H_i > h 



E 



>o 



x<e-i 



-{V(x)-y(e_i)) 



E[e-^^'-'^] 



■ e_i<2:<0 

< E[M[\H >h]+ E^°[i?_]E[e^("i)] 

hence, using Lemma Ej (I4.9P and V{ei) < 0, this term is bounded by a constant. The 
statement of the lemma then follows from the application of Lemma[2]to E[M2e^l^H<h}]- 

□ 

The part of the inter-arrival time tja spent at backtracking in high excursions can 
be written as follows: 

■■= T^''-\0, h A e„) + ^ T^^^^ {d,, A e„) 

1=1 

n-l 



k=0 



where, for x G Z, 

d{x) := maxjcfc : k E Z, Ck < x, Hk-i > hn}. 
In particular, d{0) = d- in the previous notation with h = hn- 

Note that, under P-°, because of Lemma [31 the terms of the above sum have same 
distribution as t^'^^^^\0, ei)l{H<hn}^ hence 

E^O[nX]=nE^O[r('^W)(0,ei)l{i.<.„}]. 

Thus, for E-°[71a] to be negligible with respect to n^^'^, it suffices that the expectation 
on the right-hand side be negligible with respect to n^^*^"^. In particular, for k = 1, 
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it suffices that it converges to 0, which is readily seen from f l6.2p . Thus, for k = 1, 
(6.4) ^ 0, 

hence in particular u'^^'^tia — ?■ in probability under P-°. Note that (16 .4^ actually 
holds for any k, > 1. 

Let us introduce the modified environment, where independent small excursions are 
substituted for the high excursions. In order to avoid obfuscating the redaction, we 
will only introduce little notation regarding this new environment. 

Let us enlarge the probability space in order to accommodate for a new family of 
independent excursions indexed by N* x Z such that the excursion indexed by (n, k) 
has same distribution as (^(a;))o<a;<ei under P{-\H < hn). Thus we are given, for 
every n G N*, a countable family of independent excursions lower than For every 
n, we define the modified environment of height less than hn by replacing all the 
excursions of V that are higher than hn by new independent ones that are lower than 
hn- Because of Lemma [3l this construction is especially natural under P-'', where it 
has stationarity properties. 

In the following, we will denote by P' the law of the modified environment relative to 
the height hn guessed from the context (hence also a definition of (P-°)', for instance). 

Remark. Repeating the proof done under P-° for (P-°)', we see that R_ still has 
all finite moments in the modified environment, and that these moments are hounded 
uniformly in n. In particular, the hound for E-^[{M'^)'^{M2Ye'^l{H<hn}\ given in 
Lemma \^ is unchanged for {E-'^)' (writing M[ = R_ + X]o<fc<ei ^'^^ using 

(a + 6)" < 2"(a" + 6") ). On the other hand. 



E'[R] = J]E'[e^(^>)]E' 



E 



^V{k)-V(ei) 



= Y,E[e^^"'^H < hnfE[M2e''\H < hn], 

i=0 

and E[e^^'^'^''\H < hn] < c for some c < 1 independent of n hecause this expectation is 
smaller than 1 for all n and it converges toward E[e^'^'^^^] < 1 as n ^ oo. Hence, hy 
Lemma\^ 

(6.5) ^f^^ = l, E'[R] < Chn 

This is the only difference that will appear in the following computations. 

Assuming that d{0) keeps being defined with respect to the usual heights, (16. 2 p 
(with h = hn) is still true for the walk in the modified environment. Indeed, the 
change only affects the environment on the left of d{0), hence the only difference in 
the proof involves the times T^: in (16. 3p . one should substitute (E-^)' for E^^'^\ and 
this factor is uniformly bounded in both cases because of the above remark about P_. 

We deduce that the time tJa', defined similarly to tJa except that the excursions 
on the left of the points d{ei) (i.e. the times similar to in the previous proof) are 
performed in the modified environment, still satisfies: for k = 1, 

(6.6) J_E^0[7u']-^0. 
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Note now that 

TiA ■= nA-nA + T\K 

is the time spent at crossing the (original) small excursions, in the environment where 
the high excursions have been replaced by new independent small excursions. Indeed, 
the high excursions are only involved in tja during the backtracking of the walk to 
the left of d{ei) for some < i < n. Assembling (16 ■4p and (16.61) . it is equivalent (for 
K = 1) to prove (16. ip or 

' ^7^a-E^1^a])^0, 



and it is thus sufficient to prove 

6.2. Bounding the variance of tja- Because of the previous subsection, the proof 
of Proposition |3] will follow from the following Lemma. 

Lemma 5. We have, for 1 < n < 2, 

Var^°(riA) = o^n'/'^) 

and, for 1 < k < 2, 

Var^°(7^^) = o„(n2/-). 

We recall that the second bound is only introduced to settle the case k = 1; it 
would suffice for 1 < k < 2 as well, but introduces unnecessary complication. The 
computations being very close for tja and r/^, we will write below the proof for tia 
and indicate line by line where changes happen for r/^. Let us stress that, when 
dealing with r/^, all the indicator functions l{H.<h„} (which define the small valleys) 
would refer to the original heights, while all the potentials V{-) appearing along the 
computation (which come from quenched expectations of times spent by the walk) 
would refer to the modified environment. 

Since we have 

Var^°(riA) = E^°[Far^(riA)] + Va7^\E^[nA]) , 
it suffices to prove the following two results: 

(6.7) E^°[Far^(riA)] = o„(n2/«) 

(6.8) Va7^'{E^[n^]) = 0r.{n'/^). 

6.2.1. Proof of ([62D. We have 

n-1 

(6-9) Tia = ^ r(ep, ep+i)l{Hp<hr,} 

and by Markov property, the above times are independent under Pq^ui- Hence 

n-1 

Var^{TiA) = Var^{T{ep,ep+i))l^Hp<hn}- 

p=0 

Under P-°, the distribution of the environment seen from Cp does not depend on p, 
hence 

(6.10) E^°[Far^(riA)] = nE^''[Var^{T{e,))l^H<h„}]. 
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We use Formula (14. 8p : 

(6.11) Far.(r(eO)l|H<.„} < 16 Yl e^('=)+^(^)-^«-^('')l|^<.„|. 

l'<l<3<k<ei, Q<k 

Let US first consider the part of tlie sum wliere j > 0. By noting tliat tlie indices 
satisfy /' < j and I < k, this part is seen to be less than {M[M2e^)'^l{H<hn}- Lemma 
[2] shows that its expectation is less than Ce^'^~'^'^'^" . For t{^: The same holds, because 
of the remark p. [73 

It remains to deal with the indices j < 0. This part rewrites as 

(6.12) Y e^(^'^-^«-^('') ■ E -''^'\h<h..}. 

l',l<j<0 0<fc<ei 

Since V\z+ and V\z_ are independent under P, so are the two above factors. The 
second one equals M2l{H<hn}- Let us split the first one according to the excursion 
[eu-i,eu) containing j; it becomes 

(6.13) ^e-^^*^"-^) E e^(^'^"^(^"-^) | ^ e"(^(')"^(^"-i)) 

u<0 eu_i<j<e„ \l<j 

We have V{eu-i) > V{eu) and, under P-°, y(e„) is independent of {V{eu + k) — 
V{Gu))k<o and thus of (K(e„_i + k) — V{eu~i))k<eu~eu~i^ which has same distribution 
as {V{k))k<ei- Therefore, the expectation of f l6.13p with respect to P-° is less than 

2 

E 

0<j<ei 



u<0 

< (1 - E[e^(^i)])-^E^°[e^(M0'M2]. 
Thus the expectation of fl6.12p with respect to P-^ is bounded by 

(1 - P[e^(^^)])-iE^°[e^(M0'M2]P^°[e^M2l{H<.„}]. 

From Lemma [2], we conclude that this term is less than a constant if k > 1. The 
part corresponding to j > therefore dominates; this finishes the proof of (16.70 . For 
Tj'^.- The first factor is (1 — E[e^^'^'^'>\H < hn])~^ , which is uniformly bounded because 
it converges to (1 - Efe^^^^i)])-^ < oo and, using Lemma [1[ the two other factors are 
each bounded by a constant if k > 1 and by Chn if k = 1 (cf. again the remark p. \TB^) . 
Thus, the part corresponding to j > still dominates in this case. 

We have proved E-^[Var^{TiA))] < Cne^'^~'^^^" . Since ne^^"'^^''" = (i^^^p^, this 
concludes. 

6.2.2. Proof of (16. 8p . From equation (16. 9p we deduce 

n-l 

E^[tip] = E^^[^(ep,ep+i)]l{if^<h„} 

p=0 

hence, using (14. 4p . 

(6.14) Va7^\E4nA])= Yl iE^'[AjAki]-E^'[A,]E^'[Aki]), 

i<j, k<l 

where Aij := aije^(^)"^(*)l{o<j<e„, Hij)<h„} for any indices i < j, and H{j) = when 

eg<j< Cq+l. 
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Let US split this sum according to the relative order of k, I and bound each term 
separately. Note that, up to multiplication by 2, we may assume j < I, hence we only 
have to consider i < j < k < I and i, k < j < I (either i < k or k < i). 

*i^j'^k<l. Let us split again according to the excursion containing j. The 
summand of (I(j.l4l) equals 

n-1 

(6.15) 5^(E^°[A,,l|e,<Ke,,.}^..] - i?^°[A,,l|e,<Ke,,.}]i5-°[^..]). 

9=0 

In addition, we write Aki = Akil{k>eq+i} + ^yt«l{e,<A:<e,+i} in both terms in order to 
split according to whether j and k lie in the same excursion. 

Let us consider the case when j and k are in different excursions. Because of Markov 
property at time e^+i and of the stationarity of the distribution of the environment, 
we have, for any i < j < k < I, 

E-^[Aijl^eq<j<e,+i}Akll{eg+i<k}] = E-°[Aj'^{eg<j<eg+i}]E-°[-Akll{eg+i<k}], 

hence these terms do not contribute to the sum fl6.15p . The same holds for t[^. 

For the remainder of the sum, we will only need to bound the "expectation of the 
square" part of the variance, i.e. the terms coming from E-^[AijAki\. 

Let us turn to the case when j and k lie in the same excursion [e^, Cg+i). We have 
(remember aij < 2) 

n-1 

^ ^E-^ [AijAkll{e^<j<k<eg+^}\ 
i<j<k<l 9=0 
n-1 



9=0 



/ , ^ -'-{e9<J<fc<e,+i}e l{/^^</i^} 

\J,<3<k<[ 

Because of Lemma [3l the last expectation, which involves a function of (V^(eg + ~ 
V{eq))i^z, does not depend on q. Thus it equals 

An i5^°[e^^^'^-^^^^l{o<,<.<eae^«-^('=)l{^<.„}] 

i<j<k<l 



< AnE 



>0 



j2 e^(^-)-^« ^''''-^'''Mh<..} 



J<j<ei, 0<j 0<k<l, k<ei 

Splitting according to whether / < ci or / > ci, the variable in the last expectation 
is bounded by {M[M2e'')H{H<h„} + (M(M2e^)(M( E;>ei e"^^'^)l{/^<'^n}- Note that 
e^^'^ < ^;>g e^^'-*"^^*^^-*, which has same distribution as R and is independent 
of M[, M2, H. The above bound thus becomes 

An{E>-YM[f{M,fe'^l{n<hJ + E^'[{M[fM,e^l{n<HjE[R]). 

From Lemma[2l this is less than 4n(Ce(^"'')''" + C) < C'ne^'^^'^^^" . For t{j^, this is un- 
changed when K > 1; and, if k, = 1, the above expression is bounded by 4n(Ce*-^~'*^'*" + 
C{hnY), of. (16.51) . hence the bound remains the same. 
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* i, k < j < I (either i < k or k < i). We have 

i,k<j<l 



n-1 

<8Y,E-° 



i<k<j<l 



V{l)-V{k) + V(j)-V{i)-. ,1r.r .1 

e ^{ep<l<ep+i}^{Hp<hr^} 



p=0 

Using Lemma [3] we see that the above expectation, which involves a function of 
{y{ep + 1) — V{ep))i^z, does not depend on p. Therefore, it equals 



J<k<j<l<ei, l>0 

The quantity in the expectation matches exactly the formula in (16. lip that was used 
as a bound for Vari^{T{ei))l{H<hn} (with different names for the indices: {i,k,j,l) 
becomes (/', k)). Thus, it follows from the proof of (16. 7p that 

i,k<j<l 



in'/") 



We have obtained the expected upper bound for each of the orderings, hence the 
lemma. 

6.3. A subsequent Lemma. The previous proofs of (16. 7p and (16. 8p entail the fol- 
lowing bound for the crossing time of one low excursion: 

Lemma 6. We have, for 1 < n < 2: 

E^'[E^[T{e,y]l^H<h}] < Ce('-«)^ 

and similarly for {E-^)' when 1 < k < 2. 

Proof. We have i?^[r(ei)'] = Var^(r(ei)) + £'(^[r(ei)]'. Equation (I6.10p and the re- 
mainder of the proof of (16.70 give: 

E^'[Var^{T{e,))l{H<k}] < Ce('-^^\ 

In order to see that the proof of (16.80 implies the remainding bound: 

E^'[E^[T{e,)]%H<k}] < Ce(2-'^)\ 

it suffices to take n = 1 in the proof (except of course in "/i„") and to notice that, 
although our proof gave a bound for the variance of £'^[r(ei)], we actually only 
needed to substract the "squared expectation" -terms (cf. (I6.14p ) corresponding to 
indices lying in different excursions. . . a situation which doesn't occur when n = 1. 
Thus our proof in fact gives (in this case only) a bound for the "expectation of the 
square" of £'^[r(ei)]. □ 

7. A GENERAL ESTIMATE FOR THE OCCUPATION TIME OF A DEEP VALLEY 

In this section we establish a precise annealed estimate for the tail distribution of 
the time spent by the particle to cross the first positive excursion of the potential 
above its past infimum. Since we shall use this result to estimate the occupation time 
of deep valleys previously introduced, it is relevant to condition the potential to be 
nonnegative on Z_. The main result of this section is the following. 
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Proposition 4. The tail distribution of the hitting time of the first negative record Ci 
satisfies 

t''P^°(r(ei) > t) — ¥Ct, t^oo, 
where the constant Ct is given by 

(7.1) Ct:=2''T{k + 1)Cu. 

The idea of the proof is the following. We show first that the the height of the 
first excursion has to be larger than a function hf (of order log t) . Secondly, we prove 
that conditional on H > hf the environment has locally "good" properties. Finally, we 
decompose the passage from to ei into the sum of a random geometrically distributed 
number of unsuccessful attempts to reach ei from (i.e. excursions of the particle 
from to which do not hit ei), followed by a successful attempt. This enables us to 
prove that T(ei) behaves as an exponentially distributed random variable with mean 
2Z where Z is defined by Z := MiM2e^ and whose tail distribution is studied in |6] 
and recalled in Lemma [H 

In this proof, we denote T(ei) by r. 

7.1. The height of the first excursion has to be large. Let the critical height 
ht be a function of t defined by 

(7.2) /it := log t - log log t, t > e^ 
Lemma 7. We have 

P-°(r(ei) >t; H <ht) = oit"'), t ^ oo. 

Proof. Let us first assume that < /t < 1. Then, by Markov inequality, we get 

P^°(r >t,H<ht)= E^'[P^{r > t)l{H<h,y] < jE^^[E^[T]l^H<h,}] 

< ^E^'[2M[M2e''l{H<h.}] < ice(i-'^)^% 

where the last inequality follows from Lemma [21 Since t-^e*^^"'^-"*' = t~'^{logt)^^^~'^\ 
this settles this case. 

Let us now assume 1 < k < 2. By Markov inequality, we get 

P^°(r >t,H<ht)< ^^E^'[E^[r']l{H<h,y]. 

Applying Lemma [6] yields P-°(r > t, H < ht) < Ct^^e^^"'^)''*, which concludes the 
proof of Lemma [7] when k ^ 1. 

For K = 1, neither of the above techniques works: the first one is too rough, and 
Var^a^T) is not integrable. We shall modify r so as to make Var^^r) integrable. To 
this end, let us refer to Subsection 16.11 and denote by the right end of the first 
excursion on the left of that is higher than ht, and by r := r*^"'"^(0, Ci) the time 
spent on the left of d^ before reaching ci. By Lemma H] we have E-°[rl|/^</i^}] < 
Chte~^^ < C(logt)^t~^. Let us also introduce r', which is defined like r but in the 
modified environment, i.e. by replacing the high excursions (on the left of (i_) by small 
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ones (cf. after Lemma H]). Then we have 

P-°(r >t,H <ht)< F-\t > (logt)^ H <ht)+ P-°(r - r > t - (logt)^ H < ht) 
< -l—E^^[Tl{H<h,}] + p>0(r - ? + r' > t - (logt)3, H < ht) 

{logty 

= oir') + (P^°)'(r > t - i\ogtf,H< ht) 

and Lemma [6] allows us to conclude just like in the case 1 < k, < 2. 

Remark. An alternative proof for k = 1, avoiding the use of a modified environment, 
would consist in bounding the heights of all excursions on the left of by increas- 
ing quantities so as to give this event overwhelming probability; this method is used 
after (1931) . 

□ 

7.2. "Good" environments. Let us introduce the following events 

fiW :={ei<Clogt}, 

fif) := {max{-V\0,TH) ; VHTh^c,)} < ahgt} , 

fif :={i?-<(logt)V}, 

where max(0, 1 — k) < a < min(l, 2 — k) is arbitrary, and R~ will be introduced in 
Subsection 17.31 Then, we define the set of "good" environments at time t by 

Qt ■= nfif^ n^S^^. 

The following result tells that "good" environments are asymptotically typical. 
Lemma 8. The event Qt satisfies 

P{Vl1 ; H >ht) = o(t-^), t -> oo. 

The proof of this result is easy but technical and postponed to the Appendix. 

7.3. Preliminary results: two /i-processes. In order to estimate finely the time 
spent in a deep valley, we decompose the passage from to Ci into the sum of a random 
geometrically distributed number, denoted by A^, of unsuccessful attempts to reach 
ci from (i.e. excursions of the particle from to which do not hit ei), followed by 
a successful attempt. More precisely, since iV is a geometrically distributed random 
variable with parameter 1 — p satisfying 

(7.3) 1-p 



E:ro'e^(-) Mae 



H ' 



we can write T(ei) = Xlili + where the Fj's are the durations of the successive 
i.i.d. failures and G that of the first success. The accurate estimation of the time spent 
by each (successful and unsuccessful) attempt leads us to consider two /i-processes 
where the random walker evolves in two modified potentials, one corresponding to 
the conditioning on a failure (see the potential V) and the other to the conditioning 
on a success (see the potential V). Note that this approach was first introduced in |7] 
to estimate the quenched Laplace transform of the occupation time of a deep valley 
in the case < k < 1. 
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7.3.1. The failure case: the h-potential V . Let us fix a realization of uj. To introduce 
tfie /i-potential V, we define h{x) := -Px,w(t(0) < T(ei)). For any < x < ei, we 
introduce '■= ^x^^^^^y- Since h is & harmonic function, we liave 1 — = (1 — 
cux) • Note tliat h{x) satisfies, see (14. ip . 

(7.4) /,(a;)='^'e^Wr^'e^w') < x < e,. 

k=x ^ fc=0 ^ 

Now, V can be defined for x > by V{x) := ^^Lilog''-^. We obtain for any 

< X < ?/ < ei, 

(7.5) V{y) - V{x) = {V{y) - V{x)) + log (^|^yjj|^ 

Since h{x) is a decreasing function of x (by definition), we get for any < x < y < Ci, 

(7.6) V{y)-V{x)>V{y)-V{x). 

From [7] (see Lemma 12), we recall the following explicit computations for the first 
and second moments of F. For any environment u, we have 

and 

(7.7) [F'] = 4uo i?+ + 4(1 - uo) R~, 
where and R~ are defined by 

ei— 1 / i—2 \ / ei — 1 



i?- := 5] (l + 2 e^(^)-^(^+^)] ('e-^(^+^) + 2 ^ e-^(^+^)') 



j=i+2 ^ i=-oo 

Moreover, we can prove the following useful properties. 
Lemma 9. For all t > 1, we have on Qf 

(7.8) Var^iF) < C(logt)V, 

(7.9) M2<Clogt, 

(7.10) |Mi -Mil < o(r^)Mi, 
with 5 G (0, 1 — a). 

The proof of this result is postponed to the appendix. 
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7.3.2. The success case: the h-potential V . In a similar way, we introduce the h- 
potential V by defining g{x) := Px,u){T{ei) < r(0)) = 1 — For any < x < Ci, 

we introduce Ux '■= Ux^^^p-r^- Since g is a harmonic function, we have 1 — Ux = 
(1 — uJx)^^^^^- Note that g{x) satisfies, see fl4.ip . 

(7.11) ^(a;) = 2e^('=)('|]e^('=)') < x < ei. 

k=0 ^ fc=0 ^ 

Then, V can be defined for x > by 

i=l 

Moreover, for any 0<x<?/<ei,we have 

(7.12) V{y) - V{x) = {V{y) - F(x)) + log 

Since g{x) is a increasing function of x, we get for any < x < y < ci, 

(7.13) V{y)-V{x)<V{y)-V{x). 
Moreover, we have for any environment u (see f l4.5p ). 

(7.14) E^G] <2 J2 e^(^')-^('). 

0<i<j<n 

Using this expression, we can use the "good" properties of the environment to obtain 
the following bound. 

Lemma 10. For all t > 1, we have on fit 

^.[G]<C(logt)V. 

The proof of this result is again postponed to the appendix. 

7.4. Proof of Propositions! Recalling Lemma [7] and Lemma |H1 the proof of Propo- 
sition m boils down to showing that 

rP{H > ht) P^* (r > t) ^ Ct, t oo, 

where 

Vtt := VLtn{H> ht] n {Vx < 0, V{x) < 0}. 
Using the notations introduced in the previous subsections we can first write 

k 

(7.15) F^' {t > t) = E^' [P^ {r > t)] = E^' 

.fc>0 i=l 

Moreover, note that we will use et in this subsection to denote a function which tends 
to when t tends to infinity but whose value can change from line to line. 



5^(l-p)/P^(^F, + G>t) 
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7.4.1. Proof of the lower bound. Let us introduce '■= (}ogt)~^ for t > e and 
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(7.16) K+:- ^ - _ . 

Since the random variable G is nonnegative, the sum in fl7.15p is larger than 

k 



k>0 



i=l 



(7.17) 



k>K+ i=l 

Now for any k > K+, the probability term in (I7.17P is less than 



Var^iF) 



< 



Var^iF) 



< 



kE^[FY{l-e-^^y 
Var^{F) 



the last inequality being a consequence of the definition of given by f l7.16p together 
with the fact that e^^E^^ [F] > 1. Therefore, assembling fl7.17p and (I7.18p yields 

Var^iF) 



t(l -e-«*)^ 



P^* (r > t) > E^ 

Since a < 2 — k, < 1 , Lemma M implies 

(7.19) P^' (r > t) > (1 - et) E^' [p^+] 

Furthermore, recalling (17. 3p and (I7.16P yields 



P 



K+ 



> E 



Mae^- 



Mae^' 

where the inequality is a consequence of Lemma M and := - log(l - o{t-^)) = 
C,t + o{t^^). Then, observe that uo/M2e^ < e~^' and recall that log(l — x) > —x{l + x), 
for X small enough, such that we obtain 



> E' 



exp 



> E' 



e 2z 



2Z^ M2e^' 

where we recall that Z = MiMge^ and ^" := ^^ + log(l + e~^') = ^i + o(t"'^). Moreover 
Lemma M implies 



E' 



e 2z 



> (1 - et)E' 



e 2z 



where 



P(^ > /it 
fi* := {H > ht} n {F(x) > 0, Vx < 0}. 
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Now, we would like to integrate with respect to Z. To this goal, let us introduce the 
notation F^\z) := P-^{Z > z \ H > ht). An integration by part yields 



e 2z 



OO t" 

e-4^dFW(z) 

At 



(7.20) = -e'^F^z {^''^)+ / ^e~—F^z {z)dz. 



ht 



2^2 



Then, let us make the crucial observation that 



^ P{H > ht) P{H > ht) 

Therefore, denoting by / the integral in (17.201) . we can write I = Ii~ I2, where /i and 
I2 are given by 

To treat Ji, let us recall that Lemma [T] gives the tail behaviour of Z under P-°: 

(7.21) (1 - et)Cuz-'' < P^\Z >z)<{l + et)Cvz-\ 
for all z > e^K Hence, we are led to compute the integral 

(7.22) / — e-^z-'^dz 

by making the change of variables given by y = e^"t/2z. Observe that the integral 
in fl7.22p is close to V{k + 1) when t tends to infinity (indeed ^'1 0)- Therefore, 
recalling (13. 3 p and that Ct = C;72T(k + 1), we obtain 

(7.23) (1 - et)CTt-'' < h P{H > ht) < (1 + et)CTt-\ 

We turn now to 12- Repeating the proof of Corollary 4.2 in [B] yields 

P^^{Z > z]H <ht)< Cz-'%^'^-^^''\ 
for any 7] > k, and all z > e'**. Therefore, repeating the previous computation, we get 

(7.24) hPiH > ht) <C2'' \ [ ' e-yy'^dy] e^^-'^^'^'t"" < C2''r(r/ + l)e(''-'')'^*t-'', 





which yields l2P{H > ht) < ett by choosing rj larger than k and recalling (17. 2p . 

Then assembling (17.230 and (17.240 implies I P{H > ht) > (1 — eJCTt"*^ and coming 
back to fm9D - fl7:20l ). we obtain 

P{H > ht) P^' iT>t)> ~e~^P{H > ht) + (1 - e^)CT^"^ 

which concludes the proof of the lower bound since exp{ — |^}P(if > ht) = o{t~'^) 
when t tends to infinity; indeed y'^e~'^y — when ?/ — )■ 00 and t~^e^^ — )■ when 
t 00, see (D- 
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7.4.2. Proof of the upper bound. Using still the notations := (logt) ^ for t > e, let 
us now introduce 



Eu. [F] 2uJoMi ' 

Let also rjt := C,t — h^t^ so that < r/t < 1 — e~^*. The sum in fl7.15p is smaller than 



+ {i-p)j2 p'p.{J2^^ + G>t) 



k<K- 



i=l 



< P^- + ^ + (1 - E ^ - ^*))' 



(7-25) 

k<K- i=l 

the inequality being a consequence of Chebychev inequality. Furthermore, observe 
that k < K_ implies t > ke^^Ei^[F] hence the probability term in fl7.25p is less than 

k 



Var^iF) 



i=l 



A;(e«*(l-r7i)-l)2^^[F]2 



(remembering 1 — rjt > e ^*). Therefore, 



Puir >t)< p''- + 



E4G] 

Vtt {e^^{l-Vt)-irE4FY^ 



Var^iF) 



'1 -py 



k<K^ 

The last sum is less than (1 — p) log = j^jt log ^'^f^^" . On uuc cvcuu iij. 



-. On the event Vtt, we have 



> E^[F] > 1, > 1, ^ < c^o < 1, and (USD, hence 



E^[G] 
Vtt 



H 



^ ^ [ Vtt \ (e«*(l - l)^e^' 

Let us now bound the three terms in the right-hand side of the previous equation. 
Consider the last one. Using Lemma |2] and (13. 3p . we have E\\.og{M2e^)\H > ht] = 
E[logM2\H > ht] + E[H\H > ht] < C + ht for some constant C. When t oo, 

e^*(l — ?7i) — 1 ~ y = Since e'*' = and a < 1, the whole term is seen to 

converge polynomially to zero. In particular. 

For the second term. Lemma [10] implies 



E 



E4G] 
^tt 



^^■^^^ " itt -^'P{H>hti 

since a < 1. Finally, for the first expectation, we repeat the arguments of the proof 
of the upper bound obtained for /. More precisely, recalling (17. Sp and (I7.16p . we get 



E^' [p^-] < E 



< E' 



e 2^ 



Mse^' 

where the first inequality is a consequence of Lemma inland^; := - log(l + o(t-'^)) = 
^t + o(t~^), while the second inequality is a consequence of log(l — x) < —x for 
< X < 1. Then, an integration by part yields 



28 N. ENRIQUEZ, C. SABOT, L. TOURNIER, AND O. ZINDY 

Making the change of variables given by y = e~^h/2z and recalling f l7.2ip imply 

(7.28) PiH > ht) E^^ [/^-] < (1 + et)CTt-\ 

Now, assembling f l7.26p . f l7.27p and f l7.28p concludes the proof of the upper bound. 

8. Proof of Theorem [T] 

The results from Sections |5] and [6] enable us to reduce the proof of Theorem [1] to 
an equivalent i.i.d. setting and thus to apply a classic limit theorem. 

NB: we first prove the theorem under P-", and the statement under P will follow. 

8.1. Reduction to i.i.d. random variables. For all i > 0, let Zi := r(ei,ej+i), so 
that (Zj)j>o is a stationary sequence under P-" (cf. Lemma [3]) and 

r(e„) = ^0 H \- Zn~i- 

Let us also enlarge the probability space [Q x Z^,i3, P-°) in order to introduce an 

i.i.d. sequence (cu )n>o)j>o of environments and random walks distributed ac- 

cording to P-°. Since the excursions of V are independent, it is possible to couple 
u and (u;^*^)j>o in such a way that, for all i > 0, H^'^ = Hi, or more generally that 
the first excursion of u^^^ and the (i + l)-th excursion of u are the same. It suffices 



h<x<ei+i-ei of u and from independent 



indeed to build u^^^ from the excursion {u, 
environments on both sides of it. 

For all integers i > 0, we may now introduce 

which is defined like Zi(= r(ei)) but relatively to {u^'\X^^^) instead of (w,X). By 
construction, {Zi)i>o is a sequence of i.i.d. random variables distributed like Zi under 

p>0_ 

For 1 < K < 2. We have the decomposition (where indices i range from to n — 1) 

E^°[r(e„)] 



Tier. 



U) 



+ 



^ Hi<h„ '-Hi<h„ ^' 



■ Hi>h 



+ I Y Z* j'^NOin) 

where, if Hi > hn and j is such that a{j) = i (i.e. = bj), Ti = r^"-'^(ei, Cj+i) is the 
time spent on the left of aj after the first visit of Cj and before reaching Cj+i, and 

Z* = Zi — Ti. 

Due to Propositions [3|, [1] and [2] respectively, the first three terms are negligible in 
P-°-probability with respect to n^^'^, hence 

r(e„)-E^°[r(e„)] 1 



n 



1/k 



n 



1/k 



Zij lAfO(n) - ^ Zi 

Hi>hn Hi>h„ 



+ 0l) 



where o(l) is a random variable converging to in P-°-probability. 
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For K = 1. Let 

an := inf {t > : P-°(r(ei) > t) < r^}. 

(Note that a„ ~„ Ctu by Proposition H]). With the same definitions as above, we 
decompose 



^ Hi<h„ ^Hi<h„ ^' 



NO{n) 

Hi>hn Hi>hn 

+ f ^ ^j* jlAfO(n) -'^E-°[Zi(l|2^<a„,/i->/i„} - l{Zi>a„,H<h„})]- 

Note that the last term accounts for the difference between the restriction according 
to the value of T(ei), used on the left-hand side and that we need for applying the 
limit theorem, and the restriction according to the height, used in the right-hand side 
decomposition and throughout the paper. 

Again, the first three terms are negligible with respect to n, hence n^^(r(en) — 
nE^°[r(ei)l{^(ei)<a„}]) equals 



(8.2) 



- f f X] lAfO(n) - nE-°[Zi(l{Zi<a„,/f>/i„} - l{Zi>a„,H</i„})] j + o(l). 

"^^^ H,>h„ ' ' 



Let us resume to the general case 1 < k < 2. Observe that is the time to 

go from hj to for a random walk refiected at a^, hence it depends only on the 
environment between + 1 and dj. On the other hand, under P{-\Kn = m, NO{n)), 
the pieces {cobj+x)aj<bj+x<dj of the environment, for j = 1, . . . ,m, are i.i.d. with same 
distribution as {uJx)e_D„<x<ei under 

P^%-\H > K, H_k < K for = 1, . . . , 

Remember indeed that ai > on NO{n); and due to our definition of deep valleys, 
conditioning by the value of only affects the number of deep valleys and not their 
individual distributions, while conditioning by NO{n) implies the independence and 
imposes the excursions between aj and bj to be small, for j = 1, . . . , Kn- 

As a consequence, the term {J2Hi>hn ^i) '^NOin) has same distribution under P-° as 

(E^^,>/^„^^*) livoH under P(-|]VO(n)), where Z*l{H,>h^} is defined like Zll{H>h„} 

but relative to (a;*^*\ X^*)), and 

Nd{n) := {for j = 1, . . . , i/if » < K, . . . , i/i'Jf < k} 

is the event that Z),„ small excursions precede the high excursions in the i.i.d. frame- 
work. 
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We deduce that, for 1 < k < 2, the characteristic function satisfies 



]g>0 giAn-i/«(r(e„)-E>0[r(e„)])j 



E 



>o 



exp I iXn 



Z* ] ^NO{n) 

Hi'>h„ 



E 



>o 



(8.3) 



E 



>o 



exp ( iXn i/"(( J2 Z*] Itvoh 



E 



>o 



E 2. 

Hi>h„ 



Hi>h„ 



NO{n) 



+ on{iy. 



oJl] 



The last equahty comes from P{NO{n)) — )■„ 1, cf. Lemma [TT] below, and from the 
fact that the term in the expectation is bounded by 1. We have of course similar 
equalities for k, = 1 from (18.21) . 

The following lemma will enable us to put the neglected terms back in the sum, 
now with Zi instead of Zi, and thus complete the reduction to i.i.d. random variables. 
For i > 0, let be the time spent by X*-*-* on the left of e-D,^ (= ai if > h„) before 
ei is reached, hence Zi = Z* + r^. 



Lemma 11. We have 



P{NO{n)) — ; 

n 

n~l 



-* r) 



(8.4) 



1 



'n-\ 



-E 



.1=0 



n-l 



(p). 



0. 



Proof. These results follow respectively from the proofs of Propositions [H [2] and |3l 
made easier by the independence of the random variables Zq, . . . , Zn-i- More precisely, 
the proofs of Propositions [Hand [2] hold in this i.i.d. context almost without a change. 
And since the random variables Zil^fj(i)^f^^y, i > 0, are independent, the proof of 
(18. 4p for 1 < K < 2 would follow from 



nVar^°(r(ei)l{H<h„}) = o( 



n 



and thus from nE-°[r(ei)^l{H</i„}] = o(n^/'*), which is given by Lemma|6l For k = 1, 
the same modification of the environment as in Subsection 16 . II adapts immediately. □ 



From this lemma and (18. 3p . recomposing (18. ip with variables Zi (and using NO{n) 
again, not NO{n)), we finally have, for 1 < k < 2, 



(8.5) E 



>o 



^iAn-l/-(r(e„)-E>0[r(e„)]) 



E 



^iAn-i/«(Zo + ---+Z„_i-E[Zo+---+Z„_i]) 



On{l). 



Note that we used the equahty Zi] = ^[J^H^'^yhn ^i], which results from 

the equality in distribution of Zil^Hi>hn} Zjl|j|^(i)>^^| under P-°. 

As a conclusion, this shows that, for 1 < k < 2, '^^^""^'^^i/n^'^'''^""*^ has same limit in 
law under (if any) as ^""^ , where the random variables Z^, i > 0, 

are i.i.d. with same distribution as r(ei) under P-°. 



STABLE FLUCTUATIONS FOR BALLISTIC RWRE 31 

For K = 1, the same procedure shows that '^^'^"^ — ['^(gi)J-(T(ei)<an}l -^^^^ same hmit 



Zo+---+Z„-i-nE^°[Zol 



in law under P-°, if any, as 

8.2. Conclusion of the proof. Let us quote (a particular case of) Theorem 2.7.7 
from [5]: 

Theorem 2. Suppose Xi,X2, . . . are i.i.d. nonnegative random variables with a dis- 
tribution that satisfies 

P(Xi >x) = x-'^L{x) 
where 1 < a < 2 and L is slowly varying. Let 5'„ = Xi + ■ ■ ■ + Xn, 

a„ = inf {x : P(Xi > x) < and 6„ = nE[Xil{Xi<a„}]- 

Then, if 1 < a < 2, 

^ (-r(i - a)y/-s:% 

where is a centered completely asymmetric stable random variable of index a, 
defined in (12. 2p . 

And if a = 1, 

Sn ~ bn (law) 



C + S1 



ca 

5 



0.^ 

where c = 1 — 7 (j — 0.577 being Euler's constant), and S^"' was defined in (12. 3p . 
Remarks. 

• Durrett [5] actually gives a different parametrization of the limit law. The 
above parameters are obtained by comparing the real and imaginary parts of 
expressions (7.11) and (7.13) (where there is a sign error) of [5], using the 
following identities: ^'^Ti^ dx = cos (^) r(l — a) (for any < a < 2), 

and Jq ^^^^2"" du + dw = 1 — 7. The value of c is however unimportant 

in the following. 

• //P(Xi > x) ~,^oo ^, then we have an ~„ C^/^ni/". 

Thanks to Proposition H] and to the previous reduction (18. 5p to an i.i.d. framework, 
Theorem |2] gives that, for 1 < k < 2, 

under F>-^, "^""^ " f "["^^"^^ ^ (-1(1 - a)CrY/^ST. 

The random walk is almost-surely transient to +00 under both P and P-° (cf. after 
(I4.3p ). hence the total time spent on Z_ is finite in both cases and thus trivially 
negligible with respect to n^^'^. Since random walks under distributions P and P-° 
can simply be coupled so that they coincide after erasure of the time spent on Z_, we 
conclude that the above limit (with same centering) holds under P as well. 

We deduce, using the law of large numbers and the central limit theorem for (e„)„ 
(cf. the conclusion of |13j). 



(8.6) under P, ^^"^ ^ (-1(1 - a)i?[ei]-C^)V'^5r, 
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where := -g|^E-°[r(ei)]. Since f l8.6p yields — )■„ v"^ in probability, comparison 
with Solomon [19] gives the value v'^ = E[r(l)] = By frTTD . 

(-r(l - K)E[e,]-'CTy^^ = (-r(l - k)2^T{1 + K)E[e,]-'CuY^^ > 

and Euler's reflection formula r(l + K)r{l — k) = ^.^^^ , together with the expression 
of Cjj recalled in f l4.10p leads to the value of Equation ( 12 ■4p . 

Finally, the hmit law for X„ results using transience to +oo, cf. [13], pp. 167-168. 

For K = 1, we get 

under P^", ^(^») " ^E^°Kei)lMeO<a„|] 0^ _ ^ ^ 
Furthermore, using Proposition Hj when n — )■ oo, 

E^°[r(ei)l|,(e,)<a„}] = / P-°(r(ei) > t) dt ~ CTlog(a„) ~ C^logn. 

Jo 

Like in the previous case, we may substitute P for P-*^ (letting the centering term 
unchanged). Goldie [9] proved that, when k = 1, Ck = E[poiogpo] ^ hence Ct = 
Eipoiogpo] • This concludes the proof of Theorem [1] (cf. [13] again for the inversion 
argument). 

9. Appendix 

9.1. Proof of Lemma [8l Recalling the definition of fit, the proof of Lemma [8] boils 
down to showing that for z = 1, 2, 3, 

(9.1) P{{^?T ; H>ht)= o(r'^), t oo. 

The case i = 1 is trivial. Indeed, the fact that ei has some finite exponential 
moments (see after (13. ip ) implies that P{{Q,^l^Y) = o{t^'^) when t tends to infinity. 

Furthermore, this result implies that the case i = 2 is a consequence of 
P((fif V ; nS^^ ] H>ht) = o{t-^), t oo. 

Then, let us observe that V^iTu^ei) is less than V^{Th^,ei) which is bounded by 
V'^{Th^,Th^ + [Clogt]) on Vtf'\ Applying the strong Markov property at time T/^^, we 
get that Piy^iTu, ei) > alogt ; fif ^ ; H > ht) is bounded by 

P{H>ht)P{V^O,\C\ogt])>a\ogt)<P{H>ht)P( max Hk > ahgt) 

l<k< [dog t] 

< C{\ogt)P{H > ht)P{H > alogt). 
Recalling that ht = logt — log log t, that a > together with Iglehart's result yields 

P{V^TH,ei) > alogt; ; H > ht) = o(t-'^), t oo. 
Then to prove (19. ip for i = 2, it remains to show that 

(9.2) P{V^{0,Th) <-a\ogt; H >ht) =0^-""), t ^ oo. 

Observing that 1/^(0, T^) = min{V^ {0, TfiJ ; V^(Th^,TH)}, we will treat each term 
separately. From the trivial inclusion 

{vHO,Th,) < -alogt; H>ht}c{T\alogt)<Th,<T(^-oo,o]}, 
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it follows that P(V^(0, Th,) < -alogt; H > ht) is less than 

Vht\ 

P{M^ e 1) ; T\a\ogt) < < T(_oo,o]), 

p= \a log ij 

where '■= max{^(fc); < A; < T^[a\ogt)}. Applying the strong Markov property 
at time T-''(alogt), we bound the term of the previous sum by P{S > p) P{S > 
ht — {p+^ — alogt)). Then recalling that there exists C such that P{S > p) < Ce~'^^ 
for all p > (see (13.41) ). we obtain the uniform bound Ce~'^^^*~^°'^°^^^ for the summand, 
which yields 

(9.3) P{V^{0,Th,)<-alogt;H>ht)<Chte-^^'''+"^°^'^=o{t-^), t ^ oo, 

since ht = logt — log log t and a > 0. Furthermore, applying again the strong Markov 
property at Tht, we obtain 

PiV^iTh^Tn) < -alogt; H > ht) < P{H > ht)P{V^{0,Ts) < -alogt). 

Then, applying the strong Markov property at T^(alogt), we get that P{V^{0,Ts) < 
—alogt) is less than P{S > alogt), which yields 

(9.4) P{V^{Th,]TH) < -alogt; H>ht)<Ce-^'^'''+"^°^'^ =o{t-^), t ^ oo. 

Now assembling (19. 3p and (19. 4p implies (19. 2 p and concludes the proof of the case i = 2. 

Let us consider the last case i = 3. Since R~ depends only on {V{x), x < 0}, and 
P{H > ht) ~ Cit-''{\ogt)^ when t ^ oo, it suffices to prove P^^{R- > (logt)^t") = 
o((logt)~''). This would follow (for any a > 0) from Markov property if E-^[R~] < oo. 
We have (changing indices and incorporating the single terms into the sums): 



i?- = ^ 1 + 2 ^ e^(^)-^« e-^« + 2 J] e 



Vik) 

i<0 \ i<j<0 / \ k<i-l 



(9.5) <4 ^ ^(j)-v(i)-v(k)^ 

k<i<j<0 

and this latter quantity was already seen to be integrable under P-°, after (I6.12p . 
when 1 < K < 2. In order to deal with the case < k < 1, let us introduce the event 

oo ^ 

At=r\ {H_k < - log k'^ + log t + log log t}. 

k=l 

On one hand, by O, P{{A,)^) < Eti F(IW = (^^=i iSt = o{t-^)- On 
the other hand, proceding like after (I6.12p . 

E^°[i?-l^J < 4^i?^°[e-^(-)]E^°[(M0^M2e^l{^<,i,^„.^i„^,^i,^i,^,j] 

M<0 

and i?-°[e~^^'^")] = i?[e^^'^^^]" hence, using Lemma [2], when < k < 1, 

E^'[R-1a^ < 4 ( E^[^''^"^r^;5(T^ ) itlogt)^-'^ = C(^logt)l-^ 

\M<0 / 

and when k = 1, 

E^^[R'1a,] < 4 VE[e^("i)]"(ilogM2 + logt + loglogt) < Clogt. 

u<0 
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Finally, by Markov inequality, 

is negligible with respect to (logt)"'^ for any a > 1 — k, when < k < 1, and for any 
a > when k = 1. 

9.2. Proof of Lemma ini The proof of f l7.9p is a direct consequence of the definitions 
of M2 and Qf Then, we shall first prove (17. 8p . Since Var^{F) < [F^] , we shall 
bound E;^ [F^] . Recalling (17. 7p imphes 

i?+ < C(logt)3e-^'(°''^^) max e'^^^), 

0<j<ei 

on fit. To bound ^^(0, ei) by below, observe first that (17. 6p yields ^^(0, Th) > 
V^{0, Th) > -a log t on Qt. Moreover, (EID together with ([73]) imply that V{y)-V{x) 
is greater on Qt than 

[V{y) - max V{j)] - [V{x) - max V{j)] - loglogt - 0(1), 

j/<jr<ei — 1 x<j<ei — l 

for any Th < x < y < ei, which yields V^{Th, ei) > — alogt — loglogt — 0(1) on Vtt. 
Furthermore, since (17. 4p and (17. 5p imply that V{Th) is larger than maxo<j<TH ^(j) ~ 
log log t— 0(1), assembling V^^(0, Tff) > — a logt with V^~'-(Tiy, ei) > — a log t— log log t— 
0(1) yields 

(9.6) V^^(0,ei) > -alogt- loglogt -0(1). 

Then, coming back to (19. 2p . we have to bound maxo<j<ei exp{— y(j)}. Recalling (17. 6p . 

we have mino<j<Tj^ ^(j) > mino<j<TH ^(j) ^ 0^ by definition of the deep valleys. 
Moreover, it follows from (19. 6p that, for any T^ < j < ei, 

min Vij)= mm (V (j) - V (Th)) + V (Th) 

> V^{TH,ei) + ht > /it -alogt- loglogt -0(1), 

which is greater than for t large enough. Therefore, recalling (19. 6p and (19. 2p . we get 
R+ < 0(log t)^t" on fit. This result together with the fact that R~ < C{\ogt)H°' on 
fit concludes the proof of (17. 8p . 

In a second step, we prove (I7.10p . To this aim, observe first that —5*1 < Mi — Mi < 
S2, where ^1 := TJ=o~^ N"^^^^ - e'^^^^l and ^2 := EiLxl % definition of fit 

and since Th > Tht we get 5*2 < C*(logt) e~''*~^"^^°'^^^ which yields S2 = o(t~^), when 
t — )■ CX3 by recalling (19. 6p . To bound Si, the definition of h{-) (from the /i-process) 
given in Subsection 17.31 implies 

Th-1 Th-1 

Si<Y^ e-^^'\l - h{i)) < C{\ogt)e-^' ^ gmaxo<,<. 

1=0 i=0 

on fit. Since Th < ei < Ologt on fit, we obtain Si < 0(logt)2e-'^*-^^(°'^«). This 
concludes the proof of (I7.10p by recalling that V^{0,Th) is larger than — alogt. 
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9.3. Proof of Lemma [IS Recalling (17^4]) . we get E^[G] < C(logt)2e^^(°'^i) on VLt. 
Therefore the proof of Lemma [TOl boils down to finding an upper bound for the largest 
rise t^^(0, ei) of V inside the interval [0, ei]. Observe first that fl7.13p allows to bound 
the largest rise V^{Th, ei) of on the interval [T// , ei] by the largest rise of V on 
this interval, which is less than alogt on Concerning the largest rise of V on the 
interval [0,T//], we notice, taking into account the small size of the fiuctuations of V 
controlled by Vtti that ( 17. lip and f l7.12p imply that the difference Viy) — V{x) is less 
or equal than 

[V{y) - max V{j)] - \V{x) - max V^(j)] + loglogt + 0(1), 

which yields F^(0,Th^) < a log t + log log t + 0(1) on fi^. Furthermore, fl7.13p and the 
fact that maxT^<j^<ej Y{y) < V{Th) yields maxT^<j^<ej V{y) < V{Th) imply 

VHO, ei) < max {^^(0, Th); V^Th, ei)} , 
from which we conclude the proof of Lemma [TOl 

References 

[1] Alili, S. (1999) Asymptotic behaviour for random walks in random environments. J. Appl. Proba. 
36, 334-349. 

[2] Bouchaud, J. -P., Comtet, A., Georges, A. and Le Doussal, P. (1990). Classical diffusion of a 

particle in a one-dimensional random force field. Ann. Phys. 201, 285-341. 
[3] Chamayou, J.-F. and Letac G. (1991). Explicit stationary distributions for compositions of 

random functions and products of random matrices. J. Theoret. Probab. 4, 3-36. 
[4] Baldazzi, V., Cocco, S., Marinari, E. and Monasson, R. (2006) Inference of DNA sequences from 

mechanical unzipping; an ideal-case study. Phys. Rev. Lett. 96, 128102. 
[5] Durrett, R. (2004). Probability: Theory and Examples (third edition). Duxbury, Belmont. 
[6] Enriquez, N., Sabot, C. and Zindy, O. (2009). A probabilistic representation of constants in 

Kesten's renewal theorem. Probab. Theory Related Fields 144, 581-613. 
[7] Enriquez, N., Sabot, C. and Zindy, O. (2009). Limit laws for transient random walks in random 

environment on Z. Ann. Inst. Fourier (Grenoble) 59, 2469-2508. 
[8] Feller, W. (1971). An Introduction to Probability Theory and its Applications, Vol. II. (2nd ed.). 

Wiley, New York. 

[9] Goldie, C.M. (1991). Implicit renewal theory and tails of solutions of random equations. Ann. 
Appl. Proba. 1, 126-166. 

[10] Goldsheid, I. Ya. (2007). Simple transient random walks in one-dimensional random environ- 
ment: the central limit theorem. Probab. Theory Related Fields 139, 41-64. 

[11] Iglehart, D.L. (1972). Extreme values in the GI/G/1 queue. Ann. Math. Statist. 43, 627-635. 

[12] Kesten, H. (1973). Random difference equations and renewal theory for products of random 
matrices. Act. Math. 131, 207-248. 

[13] Kesten, H., Kozlov, M.V. and Spitzer, F. (1975). A limit law for random walk in a random 
environment. Compositio Math. 30, 145-168. 

[14] Mayer- Wolf, E., Roitershtein, A. and Zeitouni, O. (2004). Limit theorems for one-dimensional 
transient random walks in Markov environments. Ann. Inst. Henri Poincare, Probab. Stat. 40, 
635-659. 

[15] Peterson, J. (2009). Quenched limits for transient, ballistic sub-gaussian one-dimensional ran- 
dom walk in random environment. Ann. Inst. Henri Poincare, Probab. Stat. 45, 685-709. 

[16] Peterson, J. and Zeitouni, O. (2009). Quenched limit for transient, zero speed one-dimensional 
random walk in random environment. Ann. Probab. 37, 143-188. 



36 



N. ENRIQUEZ, C. SABOT, L. TOURNIER, AND O. ZINDY 



[17] Siegmund, D. (1999). Note on a stochastic recursion. In: State of the art in probabihty and 
statistics (Leiden, 1999), 547-554, IMS Lecture Notes Monogr. Ser., 36, Inst. Math. Statist., 

Beachwood, OH, 2001. 

[18] Sinai, Ya.G. (1982). The Umiting behavior of a one-dimensional random walk in a random 
medium. Th. Probab. Appl. 27, 256-268. 

[19] Solomon, F. (1975). Random walks in a random environment. Ann. Probab. 3, 1-31. 

[20] Zeitouni, O. (2004). Random Walks in Random Environment, XXXI summer school in proba- 
bility, St Flour (2001), Lecture Notes in Math. 1837, pp. 193-312. Springer, Berlin. 

Laboratoire Modal'X, Universite Paris 10, 200 Avenue de la Republique, 92000 

Nanterre, France 

Laboratoire de Probabilites et Modeles Aleatoires, CNRS UMR 7599, Universite 
Paris 6, 4 place Jussieu, 75252 Paris Cedex 05, France 

E-mail address: nenriquez@u-parislO.fr 

Institut Camille Jordan, CNRS UMR 5208, Universite de Lyon, Universite Lyon 1, 
43, Boulevard du 11 novembre 1918, 69622 Villeurbanne Cedex 

E-mail address: sabot@math.univ-lyonl.fr 

Institut Camille Jordan, CNRS UMR 5208, Universite de Lyon, Universite Lyon 1, 
43, Boulevard du 11 novembre 1918, 69622 Villeurbanne Cedex 

E-mail address: tournier@math.univ-lyonl.fr 

Laboratoire de Probabilites et Modeles Aleatoires, CNRS UMR 7599, Universite 
Paris 6, 4 place Jussieu, 75252 Paris Cedex 05, France 

E-mail address: olivier.zindy@upmc.fr 



